I. INTRODUCTION
C OMBINATION of stirring techniques, i.e., hybrid stirring, is very important for reverberation chambers (RCs) as it increases the number of uncorrelated samples and, consequently, it reduces the measurement uncertainty [1] - [15] ; it facilitates the development of applications for RCs [1] - [16] . The most ordinary combinations of stirring techniques include the frequency stirring (FS) [1] - [9] , [11] - [14] . Originally, the FS was introduced in [17] ; then, it was gradually developed into more systematic studies [18] , [19] and applied to electromagnetic compatibility (EMC) tests [19] . In this paper, a combination of mechanical stirring (MS) and FS is considered, where MS is realized by using both a metallic stirrer(s) and platform stirring; the latter, which can be obtained by a manual position stirring, is equivalent to source stirring. Here the position of an antenna includes its orientation and polarization; that is, a A. Gifuni is with the Dipartimento di Ingegneria, Università di Napoli' Parthenope, Centro Direzionale di Napoli, Napoli 80143, Italy (e-mail: angelo. gifuni@uniparthenope.it).
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Digital Object Identifier 10.1109/TEMC.2017.2763627 change of position of the antenna can be achieved by the change of its location, orientation, and/or of its polarization. A proper combination of MS mechanisms neutralizes the effects of any field nonuniformity [10] , [13, Section II-C]. In principle, the measurement uncertainty component due to the nonuniformity can be partly reduced by FS choosing an appropriate bandwidth; however, such a reduction is only marginal. The measurement uncertainty in RCs, when both MS and FS are used, is discussed in [13] and [15] ; it is also formally addressed by a statistical test in [12] . To the best of our knowledge, a statistical model, which allows us for separately and deductively obtaining contributions from the total measurement uncertainty, is not present in literature. The aim of this work is to develop and verify this model. It is found that measurement uncertainty due to the FS depends not only on the number of total uncorrelated samples, but also on the local trend of the insertion loss (IL) of an RC. The local IL depends on the frequency stirring bandwidth (FSB), which is denoted by Δf; and the corresponding central frequency is denoted by f 0 . Note that here the word "samples" identifies a sequence or a set of structured sequences (hybrid stirring) of random variables (RVs). In this paper, the IL measurement is considered; however, the results can be extended for different measurements made in an RC [12] , [13] or for measurements obtained by a combination of ILs. Note that the IL is equal to the net transfer function defined in [2] , when it is corrected for mismatches of the two antennas. The measurement uncertainty model is first developed for well-stirred fields, and then, expanded to include imperfectly stirred reverberation fields. It is specified that when the physical quantity to be measured is not constant through Δf , then the model includes the measurement uncertainty due to the fact that the value of the IL may not correspond to the value of IL at central frequency f 0 [20] ; that is, the result is given as an average value in Δf . This is the case assumed here. The paper is organized as follows. In Section II, the theory is shown. In Section III, experimental results are shown. In Section IV, results are discussed and conclusions are drawn.
II. MEASUREMENT UNCERTAINTY MODEL FOR HYBRID MS AND FS
When the samples are acquired at a single frequency and the stirring is only mechanical, e.g., operated through metallic stirrer(s) only, it can be written as
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where < > N represents the ensemble average with respect to the N uncorrelated field configurations in the chamber. Actually, IL is a sample mean (SM), and therefore, has statistical fluctuations: it is an RV. The parameter |S 21 | 2 N can be considered both uncorrected and corrected for mismatches and radiation efficiencies of the antennas. For corrected measurements, the type of distribution of the IL is not changed; however, the variations of the relevant parameters (mean and variance) have to be considered [21] . By considering the common dimensions of the RCs, well-stirred fields, whose distribution is well known [22] , are normally achieved in the GHz range. At frequencies less than 1 GHz, the fields are not well stirred as both the cavity modal density and the stirring efficiency are low. Consequentially, the corresponding distribution deviates from the idealized asymptotic distribution [4] . Similarly, the field uniformity degrades.
A. Case of Well-Stirred Fields
We first consider an ideal RC, whose Cartesian fields are well fitted by the statistics of a perfectly uniform and isotropic random fields. By considering the well-known distribution of
, [22] , we can write the mean, variance, and variation coefficient (VC) of the RV IL f , respectively, as follows:
where N is the number of uncorrelated samples used to estimate the SMs, IL f , and f is the frequency. When the samples are acquired both by MS and FS, then (1) can be expressed by a double ensemble average, as follows [13] :
where the subscript Δf means that the averages are made over k uncorrelated frequency samples in Δf ; clearly, k is greater than one in presence of FS. Since the estimate of the average given by (5), as well as the estimate of the concerning measurement uncertainty does not change when the averages with respect to N and k are exchanged, the two corresponding procedures to achieve the measurement uncertainty are very similar. In other words, the two procedures produce the same results. More specifically, if one considers the average with respect to k first, then some further mathematical steps are necessary at the beginning; the two procedures are exactly the same from (6) 
Note that Δf = f k -f 1 , where f 1 and f k are the minimum and the maximum frequency, respectively, of the FS. We are interested in the mean and variance of W. We can write
By combining (3) and (6), we can write
Now, we want to transform (8) , so that, when it is compared to (3), it gives a formal connection between MS and FS. In order to make such a comparison, we connect the quadratic mean (W 0 ) 2 to the mean square value of the means IL f 1,0 , IL f 2,0 , . . . , IL f k,0 , appearing in (8), whence [23] 
where σ Δ f ,0 and δ Δ f ,0 are, respectively, the standard deviation and the VC of the means IL f 1,0 , IL f 2,0 , . . . , IL f k,0 . Equations (9a) and (9b) are equivalent; they can both be used to quantify the measurement uncertainty from the hybrid stirring. By manipulating (8) and (9a) or (9b), we can write
Equation (10) can also be recast as follow:
By measurement of the IL of an RC at the sample frequencies f i (i = 1, 2, . . . , k) within the FSB, one can estimate the means 
Δ f ,0 = 0 and both (8) and (10) give
Using (10) and (7), it yields
which becomes minimum when δ 2 Δ f ,0 = 0. Practically, σ W and δ W are also RVs as parameters on the right side of (10)- (13), as well as those in similar eqs. below, are sample estimates. They depend however on N ; in these cases, we omit the zero at their subscript. For k = 1, the achieved model retrieves the pure MS model of (3) and (4), of which it is an extension. Note that the result (10) and (13) implies the validity of (8), i.e., the application of (10) and (13) implies that the minimum sample size N be such that a reasonable estimate of the quadratic means
The sample size N, as well as k, affects the measurements uncertainty of the estimates of W 0 and δ 2 Δ f ,0 ; but N and k do not affect such uncertainties in the same way. Moreover, (9) can be actually written for any N ≥ 1, by replacing the means squared on the right side with the single amplitudes squared of the coefficient S 21 . It is important to note that N does not affect the mean of W whereas k affects it. In other words, the population of W is formed of different subpopulations, whose number is equal to k. Strictly, the means of the single subpopulations are different each other. It will be seen that results from measurements are acceptable when N is greater than or equal to 4, an empirical value observed in different RC facilities, which gives an acceptable statistical estimate for the model derived in the paper [24] , [25] . In any case, it is worth to be noticed that the VC δ Δ f increases as N decreases. To the limit of N = 1, δ Δ f turns out to be maximum; that is, it turns out that δ Δ f ∼ = 1. If (10) and (13) are applied to a real RC, operated with MS through metallic stirrer(s), the measurement uncertainty contribution due to the lack of a perfect uniformity is not taken into account. On the other hand, those formulas are inadequate to be applied for a real RC, where a hybrid MS, but not FS, is present [both metallic stirrer(s) and position stirrer(s)]. Nevertheless, (10) and (13) can be confirmed experimentally, if the RC fields are perfectly stirred and statistically uniform. If we now consider p independent positions of at least one of the two antennas in a real RC, where statistical anisotropy and nonuniformity are affecting the reverberation field, then we can write
where the subscripts p, i, mp, and sp mean p positions, ith position, multiple positions, and a single position, respectively; σ
is the variance of W sp at the ith position; W sp,i,0 is the mean of W sp,i ; δ Δ f ,sp,i,0 is the VC referred to the ith position; σ 2 sp,p,0 is the variance due to the lack of perfect uniformity for any ith W sp calculated for p positions, which de facto corresponds to σ 2 G r e f ,p in [11] when it is estimated by measurements. Note that the subscript "0" is also put for the symbols σ 2 sp,p and δ 2 sp,p as we consider the means (of the population) of the ILs. According to (14) and (15), (5) should be rewritten by adding an external average with respect to p. We can write
Furthermore, by using (17), we can write
where δ Δ f ,sp,i,0 is assumed to be constant and denoted by δ Δ f ,0 , and δ
and σ 2 sp,p,0 are estimated by measurements as sample variances. Note that it is implicitly assumed p > 4 [24] , [25] . The first term on the right side of (19) expresses an accurate form of the measurement uncertainty contribution depending on the number of uncorrelated samples pkN, δ sp,p,0 , and to δ Δ f ,0 ; the last two parameters depend on the local trend of the ILs. The first term on the right side of (19) is normally less than the second term for loaded RCs, except the cases where kN is not very large [12] , [13] . This is quantitatively shown in the Section III, in this paper. If k = 1 (only MS), then (19) becomes as follows:
It is useful to write (19) as follows:
where
We put for convenience
) and results turn out to be simplified. Finally, we can write
Equations (25) and (26) allow us to estimate measurement uncertainty contributions σ 1 and σ 2 ; however, they are not completely uncorrelated as mentioned above. The total relative measurement uncertainty can be written as follows:
where (10) and (13), (24) and (27) give standard uncertainties. In Section III, the validation for (24) and (27) 
B. Cases of Imperfectly Stirred Fields
The models (10) and (24) can be derived when the coefficient of variation of the distribution of
, which is an exponential distribution, is constant as the frequency changes. This condition is hardly satisfied at low frequencies, especially as the RC excitation approaches the lowest usable frequency: the probability density function (PDF) of fields/power deviates from asymptotic predictions as the modal overlapping factor is reduced, which is the case at relatively low frequency operation of an RC [1] , [26] - [31] . The PDF of E 2 is not fitted from an exponential when unstirred contributions are present in the RC [32] . Nevertheless, in [33] , it is shown that the necessary condition on the VC to rigorously derive the models (10) and (24) is essentially satisfied in heavily loaded RCs. Imperfectly stirred fields could also be produced inside vibrating intrinsic RCs [34] . The application of (10) and (24) can be forced, by using measurements at low frequencies, in order to estimate the goodness of the results in cases where the PDF of the IL could move from the exponential. Such an estimate is made and results are shown in the next section.
III. RESULTS FROM MEASUREMENTS
In this section, (24) , and (27) are validated by processing measured data from real RCs. Corrections for impedance mismatches are not necessary for such validations. Note that the validation requires measurements for a significant number of positions of the antennas. The measurements presented in this section are performed by manually changing location, as well as polarization, of the antennas. A possible degradation of the measurement calibration does not affect the procedure of validation. Actually, (10) and (13) are also separately validated first. The mean W 0 in (10) is estimated n times and the standard deviation of such n averages W i (i = 1, 2, . . . , n) is calculated. The calculated standard deviation is an estimate of the measured standard uncertainty. When such an uncertainty is normalized to the average of the averages W i , an estimate of the relative standard uncertainty is obtained. The estimate of the measured standard uncertainty is compared to the corresponding expected standard uncertainty, which is obtained by applying (10) or equivalently (11) . It is applied by using any of the n estimates W i and the corresponding estimate of σ 2 Δ f . Measurements are made in the RC at Università Politecnica delle Marche, Ancona, Italy. The RC is a rectangular chamber of 60 m 3 volume, where the input electromagnetic field is randomized by means of two metallic stirrers [35] , which work in step mode for measurements used in this paper. The measurement setup includes a four-port VNA, model Agilent 5071B, and two antennas, model Schwarzbeck Mess-Elektronik USLP 9143, whose usable frequency range (FR) ranges from 250 MHz to 8 GHz for EMC tests. Measurements are acquired in the FR from 200 MHz to 8.2 GHz; by automation, 16 000 samples are acquired for each position of the stirrers; the step frequency (SF) is 500 kHz. The IF bandwidth and source power, which determine the instrument measurement uncertainty along with the set FR and amplitude of the measured transmission coefficient, are set to 3 kHz and 0 dBm, respectively. The total number of stirrer positions, which corresponds to the total number of (frequency) sweeps (M) is 64. It is further specified that the total sweeps are divided in n sets of (frequency) sweeps, so that each set includes N sweeps and M = n · N . The settings n and N are changed to test the model. For each sweep, the total number of frequency points K = 16000 is divided in q sets of frequencies, so that Δf = (k − 1) · SF and K = k · q. The value of q is the number of FSB or Δf included in the FR. In order to show further information included in data, we also show the behavior of (10) and (13) when W 0 and σ 2 Δ f are estimated by using all the available positions of the stirrers present in the measurements, as it can be seen below. The concerning uncertainties are called as further expected uncertainties in this paper. Considering the RC and the antennas, one notes that the start frequency is forced at the low frequencies, in order to test the model where the starting hypotheses are supposed not to be satisfied. By the autocorrelation function (ACF), it is verified that the samples can be safely considered uncorrelated for the worst case at the frequency of 200 MHz. It is specified that both the noncorrelation of the samples concerning the MS and the one concerning the FS are verified by ACF. Many tests are made by using several combinations of N and k; all results obtained support the good agreement between predictions and measurements obtained with the uncertainty models (10) and (13) . For sake of brevity, only the results for the case when k = 400, N = 8, and n = 8 are, here, reported in Figs. 1 and  2 , for the measurement uncertainty and the relative measurement uncertainty given by (10) and (13), respectively. They also show the concerning further uncertainties; we reaffirm that such uncertainties are calculated by always using M = N = 64. Note that Δf = (k − 1) · 0.5 MHz = 199.5 MHz. We verified that measured and expected results match acceptably even reducing k, up to k = 4. It is also specified that results are confirmed when different RC test facilities are used. In fact, measurements from one of the two chambers at the Universtà Parthenope of Naples, Naples, Italy, which works in step mode as well, are also used for such validations. Moreover, since the loading of an RC can change the local trend of its IL [36] , measurements from chamber loaded by two pyramidal absorbers (Eccosorb VHP-8-NRL by Emerson & Cuming) are also considered. The max reduction of the IL caused by the load is of about 6.3 dB over the whole FR. Note that the frequency step was larger than the coherence bandwidth from 0.4 to 2.4 GHz for both empty and loaded chamber [37] . The load reduces the number of uncorrelated samples. In particular, the noncorrelation condition is not satisfied for frequencies less than 300 MHz. By halving the frequency samples (SF = 1 MHz), the results appreciably improve in this band when the load is present in the RC. Hence, measured and expected uncertainties match also in presence of this loading. Overall, it can be safely stated that the use of different antennas for IL measurements [36] does not affect the applicability of the model; actually, the model includes the concerning measurement uncertainty. It is important to note that the results for the validation of (24) and (27) show experimental values of the VC δ Δ f . (24) and (27) The validation of (24) and (27) implies a hard work in experimental measurements as mentioned above. We use 36 uncorrelated measurements of IL for the same amount of positions of the antennas. Location, orientation, and polarization of at least one of the two antennas are changed, so that the 36 uncorrelated IL measurements include such a spatial variation. The measurement settings are the same as in previous measurements. Therefore, FR ranges from 0.2 to 8.2 GHz; SF is 500 kHz, and the number of samples acquired for each sweep is 16 000. The total sweeps, which correspond to the same amount of mechanical positions of the stirrers, are M = 64. The number of sweeps N ≤ M used for data processing and other setting such as k, and q are from time to time specified for results. The 36 measurements of IL are divided in six sets, so that each set includes six IL measurements (36 = 6 · 6). With reference to (14) , p = 6. For any FSB, the average of the six ILs in each set is calculated, so that six uncorrelated estimates of W mp,0 are obtained. The standard deviation of such six averages is the measured standard uncertainty. The estimate of the measured standard uncertainty is compared with the corresponding expected standard uncertainty, which is obtained by (24) . It is obtained by using any of the six uncorrelated estimates of W mp,0 and the corresponding estimates of δ Δ f ,0 , σ sp,p,0 , and δ sp,p,0 . The relative standard uncertainty is obtained by the concerning normalization of the standard uncertainty. The average of the six estimates of W mp,0 is the further estimate of W mp,0 . Further estimates of the parameters σ sp,p,0 and δ sp,p,0 are obtained by using all 36 available ILs concerning the positions of the antennas; therefore, a further expected measurement uncertainty and concerning expected relative measurement uncertainty are obtained and shown. Note that δ Δ f is obtained by any of the 36 traces; it depends on N and Δf . Figs. 3 and 4 show the VC δ Δ f for the six traces of the first set of IL measurements; in Fig. 3 , N = 4, k = 40, and p = 6; in Fig. 4 , N = M = 64, k = 400, and p = 6. We extended the observed FR to the low frequency also in this measurement campaign. Note that k = 40 implies Δf = 19.5 MHz, which is a low FSB for common RCs; k = 400 implies Δf = 199.5 MHz, which is a significant FSB for common RCs. One can see that δ Δ f is sufficiently constant as the position of the antennas changes even for N = 4 and k = 40, except for f < 300 MHz. However, the necessary condition δ Δ f ,sp,i,0 ∼ = const. = δ Δ f ,0 for the mathematical step from (17) to (18) is practically satisfied for f > 250 MHz. Fig. 5 shows the comparisons between the measured and expected uncertainties; Fig. 6 shows the compar- isons between the measured and expected relative uncertainties. In Figs. 5 and 6, N = 4, k = 40, and p = 6. Both Figs. 5 and 6 also show the further uncertainties. In Fig. 7 , where N = 4, k = 40, and p = 6, the ratio R δ sq is shown; in Fig. 7 , the further ratio R δ sq is also shown. Fig. 8 shows the contributions σ 1,r and σ 2,r to the relative measurement uncertainty. Note that the further measured σ 2,r is obtained by using all 36 available ILs. Clearly, σ 2,r decreases as p increases. corresponding further CF. It is important to note that CF decreases as N increases. With reference to the empty RC, for N > 16 and k = 400 (Δf = 199.5 MHz), the effect of the coefficient CF becomes negligible, as Fig. 15 shows. This result holds for Δf as wide as 395.5 MHz, as Fig. 16 shows.
A. Results From Measurements for the Validation of
Figs. 8 and 12 show that σ 2,r , which is the measurement uncertainty contribution due to the nonuniformity of fields in the RC, is generally greater than σ 1,r when the RC is empty. It is specified that other tests are made by using several combinations of N and k; all results obtained support the measurement uncertainty model. Six measurements of ILs are made for the same amount of independent configurations of the loaded RC. The chamber is loaded by the two pyramidal absorbers; it is the same load mentioned above. The six independent configurations are obtained rearranging the positions of the absorbers and/or of the antennas. Fig. 17 shows σ 1,r , where processing settings are similar to those in Fig. 12; Fig. 18 shows the frequency behavior of the coefficient CF, where processing settings are similar to those in Fig. 15 . However, results in Figs. 17 and 18 are achieved by abovementioned reduction (SF = 1 MHz).
Since only six uncorrelated measurements of the loaded chamber are available, the further σ 1,r and σ 2,r are not shown in Fig. 17 . By comparing the results in Figs. 12 and 17 , it is noted that the difference between σ 2,r and σ 1,r significantly increases when the RC is loaded by the two pyramidal absorbers. It is important to stress that the difference between σ 1,r and σ 2,r depends on the ratio Nk/p. If Nk and p are of the same order of magnitude, then σ 1,r is predominant. The coefficient CF is slightly increased under the effect of loading. However, it can be essentially neglected if compared with the other measurement uncertainty contributions. Similar results are found for R δ sq , which are not shown, again, for brevity. In other words, δ 2 Δ f is greater than δ 2 sp,p when both the chamber is empty and loaded.
IV. DISCUSSION AND CONCLUSION
We have shown a base-case model for the uncertainty of measurements made in an RC, which can be used when hybrid MS and FS are used, as well as when only MS is adopted, see (20) . We find that the total measurement uncertainty is formed by two contributions: one contribution depends on the total number of uncorrelated samples and (less) on the coefficient CF; the other contribution depends on the lack of a perfect uniformity, which tends to increase under the effect of chamber loading. The coefficient CF depends on the local (frequency) behavior of the IL of an RC according to the FSB and on the lack of a perfect uniformity. Nevertheless, for both empty and loaded RC, it is found that such a dependence is typically weak, and when the total uncorrelated samples are much greater than one, the coefficient CF can be neglected and a simplified model can be used. The model allows us to easily verify the predominant uncertainty contribution by measurements for any condition of load in an RC. When the RC is strongly loaded, the contribution concerning the lack of a perfect uniformity tends to be predominant though, even if the other contribution is not negligible. In general conditions, the weight of each contribution to the total measurement uncertainty depends on the ratio Nk/p. Hence, the contribution due mainly to the total number of uncorrelated samples can become predominant when the samples are acquired in a way strongly spatial; that is, it can be predominant when Nk and p are of the same order of magnitude. Strictly, the model is developed and valid under the condition of well-stirred fields in an RC. But, practically, it is verified that the results are acceptable also at relatively low frequencies, where the field is not well stirred. Since obtained measurement uncertainty is not much sensitive to changes to the PDF of the field in an RC, this implies moderate changes of the concerning VC. It is important to note that no difference is found on the measurement uncertainty when the order in the processing of the averages with respect to the mechanical and FS is inverted. In this paper, the central quantity from which we quantify the measurement uncertainty is the IL; however, the results are consequential for different measurements made in an RC or for measurements obtained by a combination of ILs. Finally, it is important to note that the model is also applicable to mode-stirred RCs [38] - [40] ; concerning results could be shown in a future publication.
